Average atom transport properties for pure and mixed species in the hot and warm dense matter regimes Phys. Plasmas 19, 102709 (2012) Hot-electron generation by "cavitating" Langmuir turbulence in the nonlinear stage of the two-plasmon-decay instability Phys. Plasmas 19, 102708 (2012) Spherical torus equilibria reconstructed by a two-fluid, low-collisionality model Phys. Plasmas 19, 102512 (2012) Space-charge-based electrostatic plasma confinement involving relaxed plasma species Phys. Plasmas 19, 102510 (2012) Numerical study of the characteristics of the ion and fast atom beams in an end-Hall ion source J. Appl. Phys. 112, 083301 (2012) Additional information on Phys. Plasmas The bootstrap current in a non-Maxwellian tokamak plasma with electron cyclotron heating is calculated. The calculation is exact in the limit of highly charged ions, where pitch-angle scattering dominates over quasilinear diffusion, and shows that the current is entirely determined by the pressure of the trapped electrons. If the ion charge is finite, the current is shown to consist of two terms: one driven by collisions, and one driven by the heating and losses. The former is calculated approximately by using a model collision operator, and is found to be determined by the distribution of trapped electrons alone; the latter is discussed qualitatively.
I. INTRODUCTION
Advanced tokamak scenarios usually rely on auxiliary heating, such as electron cyclotron heating ͑ECRH͒, and large bootstrap current fractions. The bootstrap current 1,2 is caused by the presence of trapped particles. In a non-uniform plasma, they have a finite average parallel velocity, and drag the circulating electrons ͑which carry most of the current͒ along with them by collisional friction. Since ECRH heats the electrons preferentially in the perpendicular direction, it tends to produce an anisotropic velocity distribution. If the heating is strong enough, the electron distribution function is thus driven to depart from a Maxwellian, and has an increased number of trapped electrons. This circumstance is expected to enhance the bootstrap current since the friction force exerted on the circulating electrons is increased.
In recent experiments on the Compass-D tokamak at Culham, 3 strong electron cyclotron resonance heating was applied to heat the plasma to very high temperatures. Diamagnetic loop measurements indicated a perpendicular energy content corresponding to an electron temperature around 8 keV, while the electron density was kept relatively low, n e Ӎ5•10 18 m Ϫ3 . The electron collision time is then of the order of 2 ms, which is comparable to the energy confinement time E ϳ5 ms. It can thus be expected that the heating distorted the bulk electron distribution significantly away from a Maxwellian. In these experiments, the loop voltage was observed to drop to nearly zero, with the bootstrap current probably accounting for a significant fraction of the total current.
Motivated by these experiments, we endeavour to calculate the bootstrap current in a non-Maxwellian plasma with ECRH in the present paper. To simplify the problem, we restrict our attention to the case of a standard large-aspectratio tokamak with circular cross section and no induced toroidal electric field. The characteristic heating rate is assumed to be of the order of the electron-electron collision frequency. The relevant drift kinetic equation with appropriate orderings for this problem is presented in Section II. In the following section, the equation is solved in the Lorentz approximation of highly charged ions. In this limit, where electron-electron collisions may be neglected, it is found that the quasilinear ECRH operator drops out of the problem completely. The bootstrap current is thus driven entirely by electron-ion collisions, and much of the usual neoclassical analysis 2, 4 carries over directly to this situation. In Section IV, electron-electron collisions are retained in an approximate way, and it is shown that in this case the heating operator must be included in the calculation as it drives a part of the current. This part of the current is difficult to calculate analytically; we give a qualitative discussion and a physical interpretation of it. The part of the current that is caused by electron-ion and electron-electron collisions is calculated using an approximate, linearized collision operator. Finally, our conclusions are summarized in the last section.
II. THE DRIFT KINETIC EQUATION
The drift kinetic equation for the electron distribution function f is
where v ʈ ϭv ʈ b is the parallel velocity, v d the magnetic drift velocity, C the collision operator, and
͑2͒
is the quasilinear operator describing ECRH. Most of the wave power is converted into perpendicular kinetic energy of the electrons, and there is only little power transfer in the parallel direction. In the operator Q( f ) we also incorporate losses due to radiation and anomalous transport ͑necessarily balancing the heating in the steady state͒, here represented by the terms not displayed explicitly in Eq. ͑2͒. D denotes the quasilinear diffusion coefficient, which contains resonances of the form
where ⍀ϵϪeB/m is the electron cyclotron frequency, with m the electron mass, and Ϫe its charge. If the wave spectrum is directional ͑asymmetric around k ʈ ϭ0), current drive generally results. 5 A symmetric spectrum leads to no direct current drive, but nevertheless influences the plasma current by modifying the bootstrap current.
A conventional expansion of the distribution function in powers of the poloidal gyroradius, f ϭ f 0 ϩ f 1 ϩ . . . , gives to the lowest order
is the usual flux-surface average, expressed in terms of integrals over the poloidal angle . The magnetic field is written as
where is the toroidal angle, and the poloidal flux function. Strictly speaking, RB ͓1Ϫ 0 (p ʈ Ϫp Ќ )/B 2 ͔ϭI() for the anisotropic pressures p we are concerned with, 6 but in a low beta plasma, ␤ϭ2 0 p/B 2 Ӷ1, the assumed form of the magnetic field holds to a good approximation. In the usual large-aspect-ratio approximation of a tokamak with circular cross section, d/drӍRB , with R and r the major and minor radii, and ⑀ϭr/RӶ1. Most analytical solutions of Eq. ͑3͒ appearing in the literature are restricted to the case when heating is weak in comparison with the collision operator. 7 We are interested in the case where the heating rate is comparable to the electron-electron collision frequency ee ,
which is the rate at which collisions drive the distribution towards a Maxwellian. The distribution function f 0 then becomes non-Maxwellian, and Eq. ͑3͒ is a complicated nonlinear equation, whose solution is usually found by numerical means. 8 We shall make no attempt to solve this equation here, but merely note that, in the ͑banana͒ regime of low collisionality, f 0 is a function of constants of motion
where we have introduced ϵv ʈ /͉v ʈ ͉ and
The banana regime is defined by eff Ӷ b , where eff ϭ e /⑀ is the effective collision frequency, and b ϭ⑀
v Te /qR the bounce frequency, with the safety factor qϭrB /RB , and the thermal electron speed v Te ϭ(2T e /m) 1/2 . By T e we understand the average electron temperature,
where n is the electron density. Let us now consider the next-order equation in the expansion of Eq. ͑1͒. 2, 4 it can be written as
and its bounce-average is
͑6͒
This equation determines orbit-width corrections to f 0 , and hence the bootstrap current. As in the usual neoclassical theory, 2 we expect that the structure of the function f 1 is localized to the trapped region, 1Ϫ⑀ϽB 0 Ͻ1ϩ⑀, and its immediate vicinity, ͉1ϪB 0 ͉ϭO(⑀), where B 0 is the magnetic field on the magnetic axis. Since the collision operator contains a piece describing pitch-angle scattering,
where ϭv ʈ /v, and e ϭ ee ϩ ei is the total ͑electron-electron plus electron-ion͒ collision frequency, we therefore expect C( f 1 ) to be of the order
On the other hand, since
the quasilinear operator is only of the order
which is much smaller than C( f 1 ) since ee ϳD/v 2 from relation ͑4͒. Thus, because of the localization of f 1 , which will be verified a posteriori, the first-order Eq. ͑6͒ may be replaced by
͑7͒
In other words, even though the heating operator plays a key role in the zeroth-order kinetic Eq. ͑3͒, it is a small term in the first-order Eq. ͑6͒, at least in the trapped and barely circulating region ͉1ϪB 0 ͉ϭO(⑀). This circumstance greatly facilitates our analysis, as it makes the bootstrap current to some extent independent of the detailed structure of the heating operator. In the banana regime, it follows from Eq. ͑5͒ that the function
is constant along particle orbits, i.e., gϭg(w,,,). Our remaining task is to solve Eq. ͑7͒ under this constraint, and to calculate the parallel current associated with f 1 . The calculation is very similar to that in the usual neoclassical theory, the only essential difference being that f 0 is not Maxwellian. In the analysis, we must require
) anisotropy in , comparable to that of f 1 .
III. THE LORENTZ LIMIT
In the limit of high ion charge, Zӷ1, electron-ion collisions dominate in the collision operator, which reduces to
where the electron-ion collision frequency is
with 0 ϭn e e 4 ln ⌳/4m 2 ⑀ 0 2 v Te 3 , n i the ion density, and ln ⌳ the Coulomb logarithm.
Since electron-ion collisions dominate over electronelectron collisions, and thus also over the heating operator by Eq. ͑4͒,
the lowest-order distribution function f 0 is nearly isotropic. However, we shall make no use of this fact, as it turns out that the bootstrap current is determined only by the distribution of trapped particles. It is important to note that f 0 will generally depart significantly from a Maxwellian due to the heating Eq. ͑4͒. Only electron-electron collisions drive the distribution towards a Maxwellian; the corresponding tendency in the electron-ion collision operator is very weak, of the order of the electron-ion mass ratio.
With the collision operator ͑9͒, the first-order kinetic Eq. ͑7͒ becomes
with the solution
for circulating and trapped electrons, respectively. The flux-surface averaged electron current carried by f 1 is
where we have used
and integrated g by parts in . The integration is carried out only over the passing region in velocity space, thus excluding the contribution to j e from the trapped particles
which is O(ͱ⑀) smaller than j e , reflecting the fact that the bootstrap current is carried mostly by the passing electron population. There may be, of course, an additional current driven directly by the wave field, contained in f 0 , which we do not consider. Substituting the solution ͑10͒ of the drift kinetic equation into Eq. ͑12͒ and integrating the term resulting from g by parts gives
with ϵv ʈ /vϭ(1ϪB) 1/2 . Note that the two terms in the second integral nearly cancel in most of the passing region. In a tokamak with concentric circular flux surfaces, the magnetic field strength is BϭB 0 (1Ϫ⑀ cos ), and for passing particles
to the lowest order in ⑀. Here, E(k) is the complete elliptic integral of the second kind, and kϽ1 is the trapping parameter
With these results, the current ͑14͒ can be cast in the form
3/2 ͮ . Now we take the limit ⑀→0. In this limit, B 0 ϭ1 independently of k, and the distribution function can thus be taken outside the k-integration, and be replaced by its value in the trapped region. Since ‫ץ‬ f 0 /‫ץ‬B 0 Ӷ1/⑀, we need not make any distinction between the value of f 0 at the trapped/passing boundary and ͑anywhere͒ in the trapped region. The current is thus seen to depend only on the distribution of trapped particles, which we may denote by f 0 (v Ќ ,v ʈ ϭ0). Moreover, the contribution to the integral from the term proportional to (4E 2 / 2 Ϫ1) is O(ͱ⑀) smaller than that from the other term and can thus be neglected. Finally, evaluating the remaining k-integral numerically gives ͗ j e ͘ϭϪ1.46
This
where the first integral is to be taken only over the trapped region, which constitutes a fraction f t ϭͱ⑀(1ϩcos ) of velocity space at a fixed point, and we have used the fluxsurface average ͗ f t ͘ϭ2 ͱ2⑀/. The bootstrap current ͑15͒
can therefore also be written as
and is thus determined entirely by the pressure of the trapped electrons, regardless of other details of the distribution function f 0 .
IV. ELECTRON-ELECTRON COLLISIONS
The analysis in the preceding section is possible because of the simple form of the Lorentz collision operator. In a plasma with ZϭO(1), electron-electron collisions modify the bootstrap current. It is quite clear that an exact analytical evaluation of this effect is difficult in the case of nonMaxwellian f 0 because of the complicated form of the collision operator. However, if a simplified operator is used, analytical progress in still possible. Model operators are frequently employed in kinetic theory, and are known to give reasonably accurate results if they model the important physics correctly by driving the distribution toward a Maxwellian while conserving density, momentum, and energy.
To choose a suitable simplified collision operator in Eq. ͑7͒ which retains the essential features of electron-electron collisions, we note that the collisions tend to drive the distribution towards a Maxwellian, f M , with the same density, flow velocity, and average temperature as f 0 . We shall model the collision operator by its linearization around this Maxwellian, which is probably the most sophisticated collision operator that admits an analytical solution of Eq. ͑7͒. Note that it has the aforementioned conservation properties, and also increases ͑linearized͒ entropy. Moreover, it reduces to the exact operator both in the Lorentz limit and in the limit f 0 → f M . The bootstrap current calculated with the model collision operator thus generalizes the result of the preceding section to arbitrary ion charge, and, in addition, matches the neoclassical result when f 0 is Maxwellian. Nevertheless, it is still an approximation to the more accurate result which would be obtained with the full collision operator.
For simplicity, we take the ions to be stationary, so that the electron-ion collision operator still is the Lorentz operator ͑9͒. Since ‫ץ‬ f 1 ‫ץ/‬ is localized near the trapped region, the pitch-angle-scattering terms in C ee ( f 1 ) dominate. In this region the dominant part of the collision operator is therefore
where the electron-electron collision frequency is
with (x) is the error function, G(x)ϭ͓(x)ϪxЈ(x)͔/2x
2 the Chandrasekhar function, and xϭv/v Te . Hence we arrive at the same solution ͑10͒, ͑11͒ for g as found in the preceding section, and we may verify that ‫ץ‬ f 1 ‫ץ/‬ is indeed localized by inspecting
where H()ϭ1 in the passing region and H()ϭ0 in the trapped region.
We have thus established that f 1 is, to the lowest order, given by Eqs. ͑8͒, ͑10͒, ͑11͒ also when electron-electron collisions are taken into account, at least in the region ͉1ϪB͉ϭO(⑀) where the heating may be ignored. However, if we use this result to calculate the current directly as in Eq. ͑12͒, an inaccurate result is obtained, the reason being that the small non-localized part of f 1 , which we have not calculated, gives a contribution of the same order. This difficulty, which is well known in neoclassical theory, is circumvented 9 by using the Spitzer function f s (w), defined by 10 C͑v
and the self-adjointness of the collision operator to write the current as
where we have split the integral into two terms representing the contributions from the trapped ͑and barely passing͒ region ͉1ϪB͉ϭO(⑀), and the ͑well͒ circulating region ͉1ϪB͉ϭO (1), respectively. In the former, we may replace the collision operator by its pitch-angle scattering part to obtain
Here, we may extend the integration to include the entire velocity space since the contribution from the well passing region is small. In the usual neoclassical theory, j 2 is small, j 2 Ӷ j 1 , since Eq. ͑7͒ for f 1 implies that C( f 1 ) nearly vanishes in the well passing region. In the present situation, Eq. ͑6͒ must be used rather than Eq. ͑7͒ to obtain f 1 since the heating operator is not small in the passing region. In this region, C( f 1 )ӍϪQ( f 1 ), and we may write j 2 as
to the requisite accuracy. Again, we may extend the integral to include the entire velocity space, since the contribution from the trapped region is small this time. In other words, the bootstrap current consists of two parts, one ( j 1 ) driven by collisions, and one ( j 2 ) by the heating and losses incorporated in the operator Q. Here, we shall be content to determine the former. To evaluate the latter it appears necessary to solve the full kinetic heating problem. Using Eq. ͑17͒ in the expression for the current ͑19͒ gives
The evaluation of this integral is very similar to that of Eq. ͑14͒. The term proportional to ‫ץ‬ 2 f 0 ‫ץץ/‬ can be dropped as its contribution is O(ͱ⑀) compared with the other term. The latter contains
It is not difficult to see that the principal contribution to this integral comes from the trapped and the barely untrapped region, i.e., from ͉1ϪB͉ϭO(⑀). Since ‫ץ‬ f 0 ‫ץ/‬ is nearly constant over this region, it may be replaced by that constant. The remaining integral has been evaluated by Rosenbluth, Hazeltine and Hinton, 2 with the result 1.38ͱ2⑀. The collision-driven bootstrap current thus becomes
which is the main result of this paper. In the Lorentz limit,
Eq. ͑18͒ implies that ei T e f s /e f M ϭ1, and the current ͑21͒ reduces to the result ͑15͒ found in the previous section.
In the Maxwellian limit,
where ⌽ is the electrostatic potential, EϭmwϪe⌽, and primes denote radial derivatives. Since the ion kinetics is approximately independent of the electrons because of the large mass ratio, the toroidal mean velocity of the ions is given by the neoclassical formula 
The result ͑21͒ thus reproduces conventional neoclassical theory in the appropriate limit. We close this section with a discussion of j 2 , the wavedriven part Eq. ͑20͒ of the current. First of all, it should be noted that this current arises in addition to any current produced by the direct current drive, which is contained in f 0 . The current j 2 arises in response to the heating and losses described by the operator Q( f 1 ). Without accurate knowledge of all these processes, which must balance but whose exact nature is unknown, j 2 cannot be calculated with confidence. If Q operates symmetrically in velocity space ͑e.g., if the wave spectrum is symmetric so there is no direct current drive, and the losses are isotropic in velocity space͒, it is seen from Eq. ͑20͒ that j 2 arises because of the fact that f s / f M depends on energy, which it does since the electron collision frequency is velocity dependent. The point is that if f s / f M were independent of energy, Eq. ͑20͒ would simply be proportional to the average parallel momentum imparted to the electrons by the operator Q( f ), which vanishes when the wave spectrum is symmetric. Thus, in this case the current j 2 modifies the bootstrap current only because the heating changes the collision frequency of the passing electrons and thereby their collisional equilibrium with the ions and the trapped electrons.
To estimate j 2 , we neglect the parts of operator Q( f ) not describing ECRH, and use the self-adjointness of the operator displayed in Eq. ͑2͒ to write
with F s (v)ϵT e f s /e f M . Recall that the integral can be taken over all of velocity space. Now, since ‫‪v‬ץ/ץ‬ Ќ ϭ(v Ќ /v)‫ץ/ץ‬v and Dϰv Ќ 2(lϪ1) where lу1 is the cyclotron harmonic number,
͑22͒ From this relation it follows that 0рQ͑F s ͒рD ͭ 2l
To derive the first of these inequalities, we note that since
where the last expression is always postive, as follows, e.g., from an analytic fit to the Spitzer function. 11 It can be verified numerically that the right-hand side of Eq. ͑23͒ is smaller than unity over the thermal range of energies if D/v Te 2 0 Ͻ1/5 in the case of heating at the fundamental cyclotron harmonic, lϭ1. The heating is then so weak that j 2 becomes small. For second harmonic heating, lϭ2, j 2 can be larger since the second inequality in Eq. ͑23͒ becomes less restrictive. The reason is that both D and F s increase with energy, reflecting the ability of the heating to distort the distribution of high-energy electrons, which in turn affects the current. In the Lorentz limit, j 2 is always negligible since frequent electron-ion collisions make the resistivity large and F s small.
V. CONCLUSIONS
In the present paper, we have calculated the bootstrap current in a tokamak with ECRH. The heating is assumed to have driven the thermal electron population to a nonMaxwellian velocity distribution f 0 . The form of this distribution is governed by the lowest-order kinetic Eq. ͑3͒, and clearly depends on the details of the heating operator, e.g., the wave spectrum, the location of cyclotron resonances, relativistic effects etc. Its calculation is therefore a difficult task, which is usually carried out numerically.
However, in Eq. ͑6͒ for the orbit-width corrections, f 1 , to f 0 , the heating operator is a small term ͑in the vicinity of the trapped region of velocity space͒. It is this part f 1 of the distribution that carries the bootstrap current, which is therefore to some extent independent of the heating operator. In the Lorentz limit, the lowest-order distribution function f 0 is nearly isotropic but generally non-Maxwellian, and it is possible to calculate the bootstrap current exactly ͑within the orderings͒. It depends on the heating only through f 0 , and not on any other details of the heating operator. Moreover, the current is determined entirely by the distribution of trapped ͑or nearly trapped͒ electrons, and can be expressed in terms of their pressure, see Eqs. ͑15͒, ͑16͒. If the ion charge number is finite, the bootstrap current has been calculated approximately by using a model collision operator. The current is found to consist of two parts, one driven by collisions and the other by the heating and the balancing losses. The former has been calculated by approximating the electronelectron collision operator by its linearization around a Maxwellian with the same hydrodynamic moments as f 0 . The resulting expression for the current ͑21͒ again depends only on the distribution of trapped electrons. It generalizes the result from the Lorentz limit, and matches conventional neoclassical theory in the limit of Maxwellian f 0 .
ECRH is commonly applied locally at a certain radius, e.g., the qϭ1 surface in order to stabilize sawteeth. 12, 13 The distribution function is then expected to deviate from a Maxwellian only near that radius. The difference between the expression ͑21͒ for the bootstrap current and its conventional Maxwellian analog is then equal to the radial derivative of a rapidly varying function. ( f 0 Ϫ f M varies more rapidly than all the other factors.͒ In this limit the effect of the anisotropy is to induce a radially localized ''current dipole,'' a positive current on one flux surface and a nearly equal negative current on a neighboring surface. This does not add much to the total current but affects the magnetic shear and therefore also the magnetohydrodynamic stability.
If the heating is applied over a larger region, the anisotropy in the electron distribution increases the total current significantly. Preliminary calculations 14 suggest that this is the case in Compass-D, where the effect also appears to make it easier to access operating regimes with negative magnetic shear.
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